Abstract. Let G be a compact abelian group and Γ be its discrete dual group. For N ∈ N, we define a class of independent-like sets, N -PR sets, as a set in Γ such that every Z N -valued function defined on the set can be interpolated by a character in G.
Introduction
Independence is a property prevalent throughout mathematics. In harmonic analysis, independence has been used to produce curious examples. For example, a perfect independent set in R was first constructed by Von Neumann [10] . Independent Cantor sets in non-discrete locally compact abelian groups were constructed by Hewitt and Kakutani [8] , in part for showing that M(G) is asymmetric [7] . In these examples, by 'independent' we mean algebraically independent: a set of (non-trivial) characters E is independent if whenever γ 1 , ..., γ N ∈ E, m i ∈ Z, and The Rademacher functions in the dual of the infinite direct product of infinitely many copies of Z 2 is a set of characters which is both algebraically and probabilistically independent. These functions have proven to be very useful in harmonic analysis. In particular, they have the property that every ±1-valued function defined on the set is evaluation at some x in the group. A similar interpolation property holds for all algebraically independent sets.
A weaker notion than independence is an ε-Kronecker set.
Definition. Let ε > 0. The set E is said to be (weak) ε-Kronecker if for every ϕ : E → T there exists x ∈ G such that |ϕ(γ) − γ(x)| < ε for all γ ∈ E (resp. |ϕ(γ) − γ(x)| ≤ ε for all γ ∈ E).
This notion was inspired in part by the classical approximation theorem of Kronecker, with early work done by by Hewitt and Kakutani [8] and Rudin [13] . The terminology was introduced by Varapolous in [14] .
The set of Rademacher functions is clearly an example of a weak √ 2-Kronecker set. Kronecker-like sets have been studied intensively, and are known to have many interesting properties. For example, Hare and Ramsey [6] proved that every ε-Kronecker set with ε < 2 is a Sidon set. Graham and Hare in [3] introduced the weaker notion of pseudo-Rademacher sets, sets of characters where every ±1-valued function is point-wise evaluation, in order to study the problem of the existence of Kronecker-like sets. Galindo and Hernandez in [1] and Graham and Lau in [5] both consider interpolation sets of characters of finite order. For other references and further background information we refer the reader to [4] .
In this paper, we generalize this notion to N-pseudo-Rademacher sets (or N-PR sets for short), sets of characters with the property that every Z N -valued function on the set is point-evaluation. Of course, a pseudoRademacher set is a 2-PR set and we will see that N-PR sets are ε-Kronecker sets for suitable ε = ε(N), which tends to 0 as N → ∞. We give an algebraic characterization of N-PR sets, compare them with ε-Kronecker sets, describe their structures and prove existence theorems (Theorem 4.2) of large N-PR sets. Theorem 4.2 gives a new proof that any uncountable subset in Γ contains a large ε-Kronecker set.
Characterization of N-PR sets
Throughout this paper G is a compact abelian group and Γ is its discrete dual group.
Definition. Let E ⊂ Γ be a subset and N ∈ N. We define E to be an "N-pseudo-Rademacher" set (or N-PR set) if for every ϕ :
In this section we give an algebraic characterization of N-PR sets. We first establish some useful lemmas.
Lemma 2.1 (Quotient and Subgroup Lemma). Let E ⊂ Γ, n ∈ N, γ ∈ Γ and Λ ⊂ Γ be a subgroup.
(1) Let q : Γ → Γ/Λ be the quotient map. If q is one-to-one on E and q(E) is n-PR, then E is n-PR.
(2) Suppose E ⊂ Λ. Then E is n-PR as a subset of Γ if and only if E is n-PR as a subset of Λ.
Proof. (1) Suppose q : Γ → Γ/Λ is one-to-one on E and q(E) is n-PR. We will show that E is n-PR. Let ϕ : E → Z n be a function. Because q is one-to-one on E, for each γ, β ∈ E, if β = γ, then γ − β / ∈ Λ. Thus, we can define
there exists x ∈ Λ ⊥ = Γ/Λ such that ϕ ′ (γ + Λ) = x(γ + Λ) for all γ ∈ E.
As x ∈ Λ ⊥ , ϕ(γ) = γ(x) for all γ ∈ E. This means E is n-PR.
(2) We first suppose E is an n-PR subset of Γ. Let ϕ : E → Z n be a function. There exists x ∈ G such that ϕ(γ) = γ(x) for all γ ∈ E. Let
This means E is n-PR as a subset of Λ. The proof of the converse part of (2) is similar.
The following proposition is a stronger version of Lemma 3.2 in [9] .
The following are equivalent:
(2) E is independent.
Proof. Assume E is independent and that ϕ : E → T satisfies ϕ(γ) ∈ Range(γ) for γ ∈ E. By similar arguments to the proof of Lemma 2.1, if we can find x ∈ E such that ϕ(γ) = γ(x) for all γ ∈ E, then there exists
. Thus we may assume Γ = E = γ∈E γ .
For each γ ∈ E, there exists x γ ∈ γ such that γ(x γ ) = ϕ(γ). If E is finite, we let x = γ∈E x γ and x can interpolate ϕ exactly. For the case that E is infinite, since G is compact, we let x ∈ G be a cluster point of the following set
and such an x can interpolate ϕ exactly. Conversely, if E is not independent, then there exist γ 1 , ..., γ k ∈ E and m 1 , ..., m k ∈ Z such that γ 1 ) = {1} and hence there exists
. This function ϕ cannot be interpolated by any x ∈ G.
Proof. This follows directly from Proposition 2.2.
Theorem 2.4. The following are equivalent:
Proof. Suppose (2) fails. Then there exist distinct γ i ∈ E and integers m i ∈ Z with n i=1 γ
Thus, this function f cannot be interpolated by any x ∈ G and therefore (1) fails. Conversely, suppose (2) holds. Let E N = γ N : γ ∈ E , the subgroup generated by γ N : γ ∈ E , and π : Γ → Γ/E N be the quotient map. Ele-
∈ ker(π) and therefore the set π(E) is independent. Moreover, we claim that π is one-to-one on E. Suppose, otherwise, that there are γ 1 = γ 2 ∈ E and γ 1 γ
We have γ
Similar arguments show that elements of π(E) have order N. Thus π(E) is N-PR from Proposition 2.2. Because π is also one-to-one on E, Lemma 2.1 gives that E is N-PR, proving (1). Proof. Since Z a , Z b ⊂ Z ab , if E is (ab)-PR, E is both a-PR and b-PR. To see the converse, we assume E is both a-PR and b-PR. Consider γ 1 , ..., γ n ∈ E and m 1 , ..., m n ∈ Z such that n i=1 γ m i i = 1. Since E is both a-PR and b-PR, a|m i and b|m i for all 1 ≤ i ≤ n. Since a and b are co-prime, ab|m i for all 1 ≤ i ≤ n. Hence, by Theorem 2.4, E is (ab)-PR.
Since E ∩ γ = {1}, we have n i=1 γ m i i = 1 and therefore N|m i for all 1 ≤ i ≤ n. This shows γE is N-PR by Theorem 2.4.
Next we compare N-PR sets with ε-Kronecker sets. We first note that N-PR sets are weak ε-Kronecker sets for appropriate ε depending on N.
Proposition 2.7. N-PR sets are weak ε-Kronecker for ε = |1 − e πi N |.
Of course, not every ε-Kronecker set in a torsion group is N-PR. Here is an example.
Example. For every ε > 0 and N ∈ N, there exists an infinite ε-Kronecker set E with every γ ∈ E having finite order a multiple of N, but E is not N-PR.
Let N ∈ N and ε > 0. Let (p i )
be an increasing sequence of primes coprime to N.
Each element in S has order a multiple of N. It is not hard to see that if we exclude finitely many elements of small orders, we have a co-finite ε-Kronecker set E ⊂ S. From Theorem 2.4 no subsets of S other than singletons are N-PR and therefore E is not N-PR.
Remark. Recall that the Bohr compactification of Γ, denoted by Γ, is defined as the dual group of G d , where G d is the group G equipped with the discrete topology.
Let E be the closure of E in Γ. In [4] , Ex. 1.4.3, it is shown that there is an ε-Kronecker set E and an integer M ≥ 1 such that (E ∪ E −1 ) M has Haar measure 1. That is not the case for N-PR sets. Indeed, if E is any N-PR set with N ≥ 3, then the Haar measure of (E ∪ E −1 ) M is 0 for all M ≥ 1. The proof is very similar to the proof of Theorem 3.1 in [2] and therefore is omitted.
Structure of N-PR sets
In this section, we investigate the structure of N-PR sets. We rely heavily on the following structure theorem for general abelian groups.
Notation: Let p be a prime number. The group C(p ∞ ) is the group of all p n -th roots of unity for n ≥ 1.
Theorem 3.1.
[11] Every abelian group Γ is isomorphic to a subgroup of
where Q α are copies of Q and p β are prime numbers.
Notation: (1) We let Γ 0 be the torsion subgroup of Γ and π 0 : Γ → Γ/Γ 0 be the quotient map. In the notation of Theorem 3.1,
(2) Let p ∈ N be a prime number and n ∈ N. We let Γ p n be the subgroup of Γ 0 containing elements whose orders are not a multiple of p n , or equiva- (
Proof. We first show (1) implies (2). Fix 1 ≤ k ≤ n and we suppose E ⊂ Γ is p n -PR. We first claim that π p k is one-to-one on E. This is because
has finite order that is not divisible by p k . But from Theorem 2.4, this implies E is not even p k -PR and therefore contradicts that E is p n -PR. Next, we show that π p k (E) is 
Since (2) implies (3) is obvious, it remains to show (3) implies (1). We assume (3) holds for some 1 ≤ k ≤ n. Let γ 1 , ..., γ s ∈ E be distinct and
If n + 1 − k ≥ k, we note that order of the product Otherwise, we have n + 1 − k < k. Notice that the order of the product
We continue doing this until we reach r(n + 1 − k) ≥ k for some r ∈ N. The previous case gives (1).
are in correspondence with p-PR subsets in
Proof. Since on C(p ∞ ), the map π p n can be identified as π p n (γ) = γ p n−1 , this follows from Proposition 3.2. Proof. This follows from Corollary 2.5 and Proposition 3.2.
We thus have the following result about the structure of N-PR sets in the torsion subgroup. 
i -PR and the maps π p i :
The injectivity of π p 1 on E ensures the maps are well-defined. Moreover, the injectivity of π p i implies f i is injective. Each f i is clearly surjective by its construction and therefore a bijection. Since each γ ∈ E can be represented as
Next, we will discuss the relation between p-PR sets and independent sets.
We first note that not every p-PR set is an independent set. The following example shows a p-PR set whose only independent subsets are singletons.
Here we use additive group operation. E is p-PR by Theorem 2.4, but E does not contain any independent subsets other than singletons because for all i = j, pγ i = pγ j = 1.
Similar to independent sets, we have the following result about the maximum size of a p-PR set inside a product group.
Proof. We identify each element in C(p ∞ ) in the form of a/p n for some a, n ∈ N with additive group operation. Hence, we can identify i∈B 1 Q ⊕ i∈B 2 C(p ∞ ) as a subset of the real vector space R |B 1 |+|B 2 | .
We claim that if
while not all a i 's are zero and each γ i ∈ R |B 1 |+|B 2 | is identified as above. Since the entries of each γ i are in Q, we may assume a i ∈ Q for all 1 ≤ i ≤ k. Furthermore, we may assume a i ∈ Z. Notice that if p|a i for all i, we may replace a i by a i /p. Hence, we may find a choice of such a i 's, not all divisible by p. This contradicts that E is p-PR by Theorem 2.4. Thus, |E| ≤ |B 1 | + |B 2 |.
Existence of N-PR Sets
In this section, we show some existence results about N-PR sets and that large N-PR sets are plentiful. We first prove a lemma.
contains a p-PR subset of the same cardinality.
(2) If Γ β = Q for all β ∈ B, then E contains an independent subset of the same cardinality.
Proof. Without loss of generality, we further assume for each β ∈ B there exists γ ∈ E such that Proj β (γ) is non-trivial. (1) We first prove (1) in the special case that every γ ∈ E has order p. We consider the collection C of subsets of E defined as A ∈ C if for all finite subsets F ⊆ A there exists an arrangement F = {γ 1 , ..., γ n } such that for each 1 ≤ k ≤ n there is some β ∈ B with Proj β (γ k ) non-trivial, but Proj β (γ j ) trivial for all 1 ≤ j ≤ k. We partially order C by inclusion and Zorn's Lemma gives a maximal S ∈ C.
We claim |S| = |E|. Indeed, if |S| < |E|, we let B 1 ⊂ B be given by β ∈ B 1 if there exists γ ∈ S such that Proj β (γ) is non-trivial. We thus have |B 1 | < |B|. Let β 0 ∈ B\B 1 and γ 0 ∈ E be such that Proj β 0 (γ 0 ) is non-trivial. Since β 0 ∈ B\B 1 , γ 0 / ∈ S and we form the set S 1 := S ∪ {γ 0 }. It is easy to see S 1 ∈ C and this contradicts the maximality of S.
Moreover, the construction of S, the assumption that every element has order p and Theorem 2.4 imply S is p-PR, which finishes the proof for the special case.
For the general case, we let E k be defined as the subset in E containing elements of order p k . Then E = ∪ k≥0 E k and hence there exists a positive integer K ∈ N + such that |E K | = |E|. If K = 1, the special case finishes the proof, and therefore we suppose K > 1. We have two cases. The first case is that there exists 1 ≤ n 0 < K such that |π p n 0 (E K )| = |E K |, while |π p n 0 +1 (E K )| < |E K |. We let B 1 ⊂ B be given by β ∈ B 1 if there exists γ ∈ E K such that Proj β (γ) has order greater or equal to
For a subset C ⊂ B, we define the projection Proj C :
has the property that for all β ∈ B\B 1 , Proj β (α) has order p or 1. Thus, the special case gives a p-PR set F ⊂ Proj B\B 1 (π p n 0 (E K )) such that |F | = | Proj B\B 1 (π p n 0 (E K ))| = |E K | = |E| and the quotient lemma finishes the proof for this case. The other case is that
satisfies the special case, the quotient lemma again finishes the proof.
(2) The proof of (2) is similar to the first part of the argument of (1), but much simpler. 
are index sets and p j are distinct primes. We assume that for each index i ∈ ∞ j=0 B j , there exists γ ∈ E such that Proj i (γ) is non-trivial. Since E is uncountable and the groups Q and C(p ∞ j ) are countable, there exists K ∈ N such that |B K | = |E|.
If K = 0, from Lemma 4.1 (2) we may extract an independent set F ⊂ π 0 (E) with |F | = |E|. If we choose E ′ ⊂ E such that π 0 is one-to-one on (1) we extract a p K -PR subset F ⊂ π p K (E) with |F | = |E| and therefore obtain a p K -PR subset in E of the same cardinality.
Remark. Since any p-PR set is a Sidon set, Theorem 4.2 implies any uncountable subset in Γ contains a large Sidon set. I 0 sets are more special interpolation sets. A set E ⊂ Γ is I 0 if every bounded function defined on E can be interpolated as a Fourier transform of a discrete measure. If p ≥ 3, any p-PR set is an I 0 set, and therefore in that case any uncountable subset in Γ contains a large I 0 set. Theorem 4.3. Let E ⊂ Γ be uncountable, p be a prime number and n ∈ N. Then E contains a p n -PR subset of the same cardinality if and only if
Proof. If E contains a p n -PR subset E 1 of the same cardinality, by Proposition 3.2
To see the converse, we define the projection
If |π 0 (π p n (E))| < |E| and |π 1 (π p n (E))| < |E|, then because E is uncountable,
which is a contradiction. If |π 0 (π p n (E))| = |E|, we appeal to (2) in Lemma 4.1 to get a p n -PR set in π 0 (π p n (E)) and Lemma 2.1 finishes the proof. If Proof. Assume that all independent sets in E are finite. Zorn's Lemma gives a maximal independent set S ⊂ E, where the partial order is inclusion. Our assumption gives that S is finite and the maximality implies S = E. Since S is independent, we embed S into γ∈S Γ γ , where Γ γ = Q if γ has infinite order and Γ γ = C(p ∞ ) if γ has order some power of p. Since S is maximal, we may extend the embedding to S = E. From Proposition 3.6, this implies all p-PR sets in E have cardinality at most |S|. The converse is trivial. Remark. In [3] the terminology "N-large" sets is introduced. A set E ⊂ Γ is N-large if |Q N (E)| < |E| where Q N : Γ → Γ/H N is the quotient map and H N ⊂ Γ is the subgroup of elements of orders divisible by N.
Theorem 2.2 in [3] states that if E ⊂ Γ and N is the smallest integer for which E is N-large, then for all primes powers p n dividing N there exists a weak |1 − e πi/p n |-Kronecker subset F ⊂ E with |F | = |E|.
First, we note that the assumption in Theorem 4.3 is weaker than the assumption in Theorem 2. < N. If γ ∈ Γ p n ∩ H N and k is the order of γ, then k divides N while p n does not divide k. This implies k divides M and hence γ ∈ H M . Thus Γ p n ∩ H N = H M . As a result, the map
T (Q M (γ)) = (Q N (γ), π p n (γ)).
is well-defined and injective. Thus, if |π p n (E)| < |E|, then
for infinite E. Thus E is M-large and this contradicts the assumption that N is minimal. Moreover, recall that p n -PR sets are special weak |1 − e πi/p n |-Kronecker sets. This shows Theorem 4.3 improves Theorem 2.2 in [3] when E is uncountable.
